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We study the two-dimensional Fermion system with the spin-orbit coupling and spin-tensor-
momentum coupling. A new type of spin-tensor Hall current is found. Unlike the conventional
spin Hall effect, the spin-tensor Hall effect originates from the coupling of the spin tensor and the
momentum. The total spin Hall conductivity with the presence of the spin-tensor Hall current is
calculated. The numerical results indicate that the total spin Hall conductivity is enhanced by the
contribution of the spin-tensor-momentum coupling.
PACS numbers: 72.10.Bg, 72.25.Dc
I. INTRODUCTION
The spin-orbit coupling (SOC) plays an important
role in many quantum phenomena of solid and ultracold
atomic systems. One important example is the spin Hall
effect (SHE), because the SHE is one of the foundations
of spintronics [1]. The SHE has been studied in the semi-
conductor heterostructures which is independent of the
skew scattering of the moving magnetic moments and
the magnetic impurities [2]. A dissipationless spin Hall
current can be induced by an electric field in hole-doped
semiconductors [3–5]. The SHE has been observed in
GaAs [6–8]. The effect does not depends on the electron-
impurity scattering [9–13], but is related to the substan-
tial SOC. In the momentum (py) direction perpendicular
to the electric current, the effective torque caused by the
Rashba SOC tilts the spins up for py > 0 and down for
py < 0. The effect is intrinsic in electron systems, and
is called as intrinsic spin Hall effect (ISHE). The spin
Hall conductance is found to be a universal value which
is independent of the Rashba coupling strength [14–18].
Recently, a new type of spin-tensor-momentum cou-
pling (STMC) is proposed in the Bose-Einstein conden-
sation [19]. It is found that the coupling between the
two components of particle’s spin and momentum (e.g.,
orbit) leads to new types of stripe superfluid phase and
multicritical points for phase transitions. The STMC
may open a door for exploring many other interesting
physics. For example, the new properties of the SHE in
the STMC system.
This paper is organized as follows. Because the SOC
is a relativistic effect, we derive the angular momentum
conservation equation of the Fermion by using the rel-
ativistic quantum mechanics and Noether’s theorem in
Sec. II. The relativistic spin current can be naturally ex-
tracted from the angular momentum current. We discuss
the non-relativistic approximation of the spin continuity
∗Electronic address: ynufyp@sina.cn
equation, and define the new spin-tensor Hall current. In
Sec. III we study the ISHE in a system with the Rashba
SOC and STMC. The conductivities of the spin Hall and
spin-tensor Hall currents are calculated. Finally the con-
clusion is presented in Sec. IV.
II. SPIN CONTINUITY EQUATION AND
SPIN-TENSOR HALL CURRENT
Noether’s theorem indicates that the invariant of the
system under a continuous transformation will lead to
the corresponding conservation current [20]. One can
rigorously derive the total-angular momentum conserva-
tion equation by using the Noether’s theorem. The spin
current of the Dirac Fermion coupled with the external
electromagnetic field can be extracted from total-angular
momentum current (Appendix A). The non-relativistic
approximation of the spin current can be obtained by
using the standard Foldy-Wouthuysen (FW) transforma-
tion [21, 22]. The spin continuity equation up to the order
of 1/c2 reads
∂
∂t
ρis +∇jJ
ji
s = T
i
s, (1)
the spin density is
ρis=ψ
+siψ+ψ+
1
4c2
{
[v×(v×s)]
i
−[(v×s)×v]
i
}
ψ, (2)
where s = h¯σ/2 is the spin operator, v = pi/m is the ve-
locity operator, pi = p−eA/c is the momentum operator.
The second term of the spin density includes the contri-
butions of the spin and the vector potential interaction
A× s, and the spin-orbit coupling p× s.
The spin current can be derived as
Jjis =ψ
+1
4
(
sivj−sjvi
)
ψ+ψ+
i
2
[
si(τ×v)j−sj(τ×v)i
]
ψ
+ψ+
1
2
δijs·vψ − ψ+
1
12c2
(
Jji
s(0)v
2 + σ · vJji
s(0)σ · v
)
ψ
+H.c., (3)
2here we define τ = σ/2 as the pseudospin and Jji
s(0)=(
sivj−sjvi
)
/4+i
[
si(τ×v)j−sj(τ×v)i
]
/2. The first term of
Eq.(3) is the spin Hall current
JjiSH =ψ
+1
4
(
sivj−sjvi
)
ψ +H.c.. (4)
Under the time reversal transformation t→ −t, we have
s → −s, pi → −pi, the spin Hall current satisfies the
time-reversal-symmetry. The response equation of the
dissipationless spin Hall current J ijSH = σSHε
ijkEk [2, 3]
requires the antisymmetry of i and j components, here
σSH is the spin Hall conductivity. The same antisymme-
try structure appears in the spin Hall current of Eq.(4).
We define the second term of Eq. (3) as the spin-tensor
Hall current
JjiSTH=ψ
+i
2
[
si(τ×v)j−sj(τ×v)i
]
ψ +H.c., (5)
where siτk (i 6= j 6= k) is the unreducible rank-2 spin
tensor. The spin-tensor current is originating from the
coupling of the spin tensor and the momentum. We note
that the spin-tensor current is not a higher order cor-
rection of the non-relativistic approximation, it is in the
same order as the spin Hall current. The imaginary num-
ber i in Eq.(5) is to ensure that the spin-tensor current
operator [isi(τ ×v)j ] is the Hermite current operator. In
the time-reversal transformation s → −s and pi → −pi
the spin-tensor current is also time-reversal symmetry
protected. Because of the pseudospin τ does not contain
the constant h¯, where the dimension of h¯ is [J· s], the
pseudospin is dimensionless, and therefore in the time-
reversal transformation τ → τ . It is also easy to proved
that the spin-tensor current is antisymmetric current for
i and j component. These properties indicate that the
second term of Eq.(3) is a kind of spin-tensor Hall cur-
rent.
A new velocity operators can be obtained by analogy
with the conventional spin current. We define the ve-
locity of the spin-tensor current as vST = 2(τ × v), and
therefore the total spin Hall current can be defined as
Jjitot−SH=ψ
+1
4
(
sivjtot−s
jvitot
)
ψ +H.c., (6)
where the total velocity is vtot=v+ivST.
The third term of Eq.(3) is the scalar current, and
δijψ+ (s · v)ψ = 0 when i 6= j. The fourth term is the
relativistic correction for the spin Hall current and spin-
tensor Hall current up to the 1/c2 order.
In the external electromagnetic field, the total spin cur-
rent is not conserved because of the coupling of the an-
gular momentum and external field. The non-relativistic
limit of the spin torque (up to 1/c2 order) can be derived
in the form
T is=ψ
+ e
mc
(s×B)ψ −ψ+
eh¯2
4m2c2
(∇×E)ψ
+ψ+
e
2m2c2
{
[pi×(E×s)]i+[(s×E)×pi]i
}
ψ, (7)
whereB is the magnetic field. The second term of Eq.(7)
is negligible (∇×E = 0) when the external electric field
is fixed (E=constant) in the SHE. We find that the spin
torque contains the coupling of the magnetic moment of
the electron µ = es/mc and the external field (B and
E), and the coupling of the spin s and the momentum
pi. If the external field B = 0, the spin torque is of the
order 1/c2, the spin current is approximately conserved.
Because of the coupling of the spin and orbit, the con-
tribution of spin angular momentum and the orbit angu-
lar momentum to the torque can not be directly divided.
Both the spin and orbit angular momentums contribute
to the spin torque. In Ref. [23] the authors ignore the
total contribution of the orbit angular momentum to the
spin torque. The authors in Ref. [24] use the Gordon de-
composition to divide the spin current into the convective
and internal parts, and derive the continuity equation for
the convective spin current with the absence of the ex-
ternal electromagnetic field. They consider influence of
the external electromagnetic field by using the simple
transformation p → pi and ih¯∂/∂t → ih¯∂/∂t − eA0 in
the final results. In our derivation the external field Aµ
is included in the total-angular momentum conservation
equation and the FW transformation. Thus the results of
the continuity equation of the spin current is more valid
in this paper.
III. SPIN HALL AND SPIN-TENSOR HALL
CONDUCTIVITIES IN ISHE
A. Model Hamiltonian
In the two-dimensional Fermion system (2DFS) the
substantial Rashba SOC and the external electric field
E lead to the dissipationless spin current [14–16, 18, 25].
The spin-tensor current will not appear in the 2DFS with
the absence of the STMC. The Hamiltonian including the
SOC and STMC is given by
H0 =
p2
2m
+HR +HST, (8)
whereHR = −
2λ
h¯
(sypx−sxpy) is the Rashba SOC Hamil-
tonian, λ is the Rashba coupling constant [26], and the
Hamiltonian of the STMC is
HST =
4ζ
mh¯2
(ξzyxsypx − ξzxysxpy), (9)
and we define ζ as the dimensionless coupling constant
of the STMC, and 0 < ζ < 1. The tensor ξijk = τisjpk
describes the coupling between spin tensor τisj and the
momentum pk.
The Rashba SOC splits energy states into two branches
(Fig.1(a))
Eη =
p2
2m
− ηλp, (10)
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FIG. 1: Schematic of the splitting of energy states due to the
Rashba SOC (a) and SOC+STMC (b). Solid and dash arrow
stand for spin and pseudospin, respectively. SOC+STMC
leads to four eigenstates of the 2DFS. We take the eigen-
values as 〈s〉 = h¯/2(up arrow), −h¯/2(down arrow), and
〈τz〉 = 1/2(up arrow), −1/2(down arrow).
where η = +1 for 〈s〉 = h¯/2 and η = −1 for 〈s〉 = −h¯/2.
The SOC and STMC lead to four eigenstates (Fig.1(b))
Eη,η′ =
p2
2m
(1 + η′ζ cos 2θ)− ηλp, (11)
where η′ = +1 for 〈τz〉 = 1/2, η
′ = −1 for 〈τz〉 = −1/2,
and tan θ = py/px with the momentums px = p cos θ and
py = p sin θ. The SOC+STMC Hamiltonian has four
eigenstates, the Fermions occupy the lower energy band
E+,− in the spin Hall effect. The Fermi energy EF is
much larger than the slitting energy ∆ [27], we assume
EF > Ec >∼ ∆, where Ec is the cross point of the energy
bands E+,+ and E−,−. The difference of the Fermi radii
pF+ and pF− of the majority (E+,−) and minority (E−,−)
spin bands can be calculated by the eigenvalues
EF =
p2F+
2m
(1− ζ cos 2θ)− λpF+
=
p2F−
2m
(1− ζ cos 2θ) + λpF−, (12)
and we have
△pF = pF+ − pF− =
2mλ
1− ζ cos 2θ
. (13)
If the Fermi energy smaller than the energy Ec, such as
E′F = E
′, the Fermi space is between the energy bands
E′+,+(p
′
F−) and E
′
+,−(p
′
F+). The difference △p
′
F of the
Fermi radii p′F+ and p
′
F− depends on the Fermi energy
E′F .
B. Spin Hall and Spin-Tensor Hall Conductivities
In this section we discuss the spin Hall current which is
polarized in the zˆ-direction and flows in the yˆ-direction,
and is perpendicular to the charge current xˆ-direction.
Based on Eq.(6) the total spin Hall current operator
is defined as Jˆyztot−SH =
1
4 (szvtoty − syvtotz) + H.c. =
1
4 ({sz, vtoty} − {sy, vtotz}), here vtotz = 0. We define
the velocities according to the Heisenberg equations
vy =
1
ih¯
[y,
p2
2m
+HR], (14)
and
vSTy =
1
ih¯
[y,HST]. (15)
The velocity operators of the spin current and the spin-
tensor current can be calculated as vy =
py
m
+ 2λ
h¯
sx and
vSTy = −2ζτz
py
m
. In the SOC+STMC 2DFS the pseu-
dospin and spin have the same index z, we redefine the
total velocity operator as vtoty = vy + vSTy to ensure the
Hermiticity of the spin current.
The stable spin Hall effect requires that the spin is
along a certain direction. However the spin is precessed
with time due to the SOC, the precession equation of
the spin can be obtained by the Heisenberg equations
(dsi(t)/dt = [si, H ]/ih¯) as
ds1(t)
dt
= −
2λ
h¯
sz(t)p1, (16)
ds2(t)
dt
= −
2λ
h¯
sz(t)p2, (17)
dsz(t)
dt
=
2λ
h¯
[s1(t)p1 + s2(t)p2] , (18)
where xˆ1 and xˆ2 denote the azimuthal and radial direc-
tion in momentum space, respectively. The above results
indicate that the STMC Hamiltonian does not contribute
to the spin precession equations.
We consider the effect of the external electric field E,
the system Hamiltonian is thus given by H = H0+eExx,
where Ex is the external electric field in the xˆ-direction.
Using the Heisenberg equation, we have px = px0− eExt
where px0 is the initial momentum at t = 0. The Fermi
surface is displaced an amount eExt due to the presence
of the external electric field. Applying the adiabatic spin
dynamics [14], the xˆ2 component of the spin can be ap-
proximated to s2(t) = s sin θp1(t)/p2 for a weak field Ex
and a short instant t. Substituting the above approxi-
mation in Eq.(17) we have the zˆ component of the spin
s as
sz = −
h¯
2λp2
ds2(t)
dt
. (19)
4In the weak field and short instant approximation,
p˙1(t) ≈ p˙x(t) = −eEx, p2 ≈ p, therefore the electric
field induces a linear response of spin sz :
sz =
eh¯s sin θ
2λp2
Ex. (20)
The SOC+STMC Hamiltonian has four eigenstate, just
the lower energy band E+,−(majority spin band) con-
tributes to the total spin current, here the values of the
spin and the pseudospin are 〈s〉 = h¯/2 and 〈τz〉 = −1/2.
From the definition of spin Hall and spin-tensor
Hall current, the corresponding current operators are
given by JˆyzSH =
1
4 ({sz, vy} − {sy, vz}) and Jˆ
yz
STH =
1
4 ({sz, vSTy} − {sy, vSTz}), where vz = vSTz = 0 in this
2DFS. The definition of the spin Hall current is different
from the conventional spin current (Jˆyzspin =
1
2{sz, vy}),
because the conventional spin current operator can be
divided into two parts Jˆyzspin = Jˆ
yz
spin(1) + Jˆ
yz
spin(2), where
Jˆyzspin(1) =
1
4
({sz, vy} − {sy, vz}) , (21)
and
Jˆyzspin(2) =
1
4
({sz, vy}+ {sy, vz}) . (22)
The antisymmetry part Jˆyzspin(1) is the spin Hall current
operator. The operator Jˆyzspin(2) does not satisfy the an-
tisymmetry structure of indexes y and z, and therefore
Jˆyzspin(2) is a kind of non-spin-Hall current operator. Only
the antisymmetry part of the spin current contributes to
the SHE [3, 23]. It is inappropriate to define Jˆyzspin as a
spin Hall current operator in the SHE.
The spin Hall and spin-tensor Hall currents in the
SOC+STMC system can be expressed as JSH =∑
k〈JˆSH〉fD and JSTH =
∑
k〈JˆSTH〉fD, where k = p/h¯ is
the wave vector and fD is the equilibrium Fermi-Dirac
distribution. At zero temperature the spin current is
given by
JyzSH =
∫ pF+
pF−
d2p
(2pih¯)2
εxyzeh¯
2Ex sin θpy
4λmp2
= εxyzσSHEx, (23)
where the spin Hall conductivity is
σSH =
e
16pi2
∫ 2pi
0
dθ
sin2 θ
1− ζ cos 2θ
. (24)
The spin-tensor Hall current is calculated by
JyzSTH =
∫ pF+
pF−
d2p
(2pih¯)2
εxyzeh¯
2ζEx sin θpy
4λmp2
= εxyzσSTHEx, (25)
where the spin-tensor Hall conductivity is
σSTH(ζ) = ζσSH(ζ). (26)
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FIG. 2: The numerical results of spin Hall (σSH) and spin-
tensor Hall conductivities (σSTH) vs the coupling constant ζ
of STMC. We have used the dimensionless quantity σ/e. The
triangle symbol stands for the spin Hall conductivity of the
SOC+STMC system, the inverted triangle symbol stands for
the spin-tensor Hall conductivity, the diamond symbol stands
for the total spin Hall conductivity σSH + σSTH. The dash
line stands for the spin Hall conductivity[(e/16pi)/e] of the
conventional Rashba SOC system without the STMC.
Eq.(24) and (26) indicates that the spin Hall and spin-
tensor Hall conductivities are not universal values, they
depend on the STMC parameter ζ. If ζ = 0, the STMC
becomes to zero (σSTH = 0) and the spin Hall conductiv-
ity can be calculated as σSH = e/16pi. Sinova et al. found
that the spin Hall conductivity in a system with Rashba
SOC remains the universal value e/8pi [14, 16, 18]. The
two results of the spin Hall conductivities differ by only
a factor 1/2. This difference comes from the different
definitions of the spin Hall current.
In Fig.2 we plot the spin Hall and spin-tensor Hall
conductivities as a function of STMC strength in
the condition of EF > Ec. The spin-tensor Hall
conductivity(σSTH) depends on the STMC strength ζ.
σSTH start out at σSTH = 0 and increases with the
increasing of STMC strength. The numerical results
indicate that σSTH ≈ e/16pi at ζ = 1. The spin
Hall conductivity(σSH) is not a universal value in the
SOC+STMC system, and we find 0.8e/16pi < σSH <
e/16pi in the region of 0 < ζ < 1. However, the total spin
Hall conductivity (σSH+σSTH) is larger than the conven-
tional spin Hall conductivity (e/16pi) of the Rashba SOC
2DFS. The enhancement to the value of the total spin
Hall conductivity is most obvious at ζ ≈ 1. By compar-
ing with the conventional value(e/16pi) of the spin Hall
conductivity, the total spin Hall conductivity is enhanced
by a factor of 2 at ζ ≈ 1.
IV. CONCLUSION
The new spin-tensor Hall current due to the coupling
of the spin tensor and the momentum has been found
5in the spin continuity equation. Based on the SOC and
STMC model, the spin Hall conductivity and the spin-
tensor Hall conductivity have been calculated. The total
spin Hall conductivity depends on the STMC strength.
The STMC induces the appearance of the spin-tensor
Hall current, and the effect of the STMC may increase
the spin Hall transport in the ISHE.
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Appendix A: Total-Angular Momentum
Conservation and Spin Continuity Equation
According to the Noether’s theorem [20], the conser-
vation of the total-angular momentum of a Fermion de-
scribed by a Lagrangian L = L(xµ, θσ, ∂µθσ) is given by
∂αM
αµν = 0, (A1)
where ∂α =
(
∂
c∂t
,∇
)
. The total-angular momentum ten-
sor contains the spin angular momentum tensor (SAMT)
and orbit angular momentum tensor (OAMT) Mαµν =
Sαµν + Lαµν . The SAMT is defined as
Sαµν =
∂L
∂(∂αθσ)
Iµνσρ θ
ρ, (A2)
where the coefficient Iµνσρ =(1/4) [γ
µ, γν]σρ (for the
Fermion) and gµσg
ν
ρ − g
µ
ρ g
ν
σ (for electromagnetic field)
[22, 28]. The field θ denotes the Fermion or electromag-
netic field. The γ-matrices is represented as
γµ =
((
1 0
0 −1
)
,
(
0 σ
−σ 0
))
, (A3)
σ is the Pauli matrices. gµν=diag(1,−1,−1,−1) is the
Minkowski metric tensor (µ, ν = 0, 1, 2, 3). The Greek
letters denote the Lorentz indices, the Latin letters de-
note three-vector indices.
The OAMT can be written as
Lαµν = xµTαν − xνTαµ, (A4)
where T µν is the energy-momentum tensor
T µν =
∂L
∂(∂µθσ)
∂νθσ − g
µνL. (A5)
The system of Dirac Fermions (Ψ) coupled with the
electromagnetic filed (Aµ) is described by the Lagrangian
L = Ψ¯(ih¯cγµ∂µ −mc
2)Ψ− eΨ¯γµAµΨ−
1
4
FµνFµν ,(A6)
where Fµν = ∂µAν−∂νAµ is the electromagnetic tensor,
and Ψ¯ = Ψ+γ0. After the partial derivative calculations
we have
∂αS
αµν =
ih¯c
4
∂α
(
Ψ¯γα [γµ, γν ]Ψ
)
+ JνAµ − JµAν
+(∂αAν) (∂αA
µ)− (∂νAα) (∂αA
µ)
− (∂αAµ) (∂αA
ν) + (∂µAα) (∂αA
ν) , (A7)
and
∂αL
αµν = Ψ¯ (ih¯cγµ∂ν − ih¯cγν∂µ)Ψ
− (∂µAα) (∂
νAα) + (∂αA
µ) (∂νAα)
+ (∂νAα) (∂µAα)− (∂αA
ν) (∂µAα) ,(A8)
where the electronic current is Jµ = ∂νF
νµ = eΨ¯γµΨ,
and the energy-momentum tensor is T µν = Ψ¯ih¯cγµ∂νΨ−
Fµρ∂νAρ − g
µνL. The energy-momentum is conserved
(∂µT
µν = 0). By substituting (A7) and (A8) into the
conservation equation of total-angular momentum, Eq.
(A1) can be rewritten as
∂α
(
ih¯c
4
Ψ¯γα [γµ, γν] Ψ
)
= Ψ¯c (γνpiµ − γµpiν)Ψ, (A9)
here we define the momentum operator as piµ = ih¯∂µ −
e
c
Aµ. If we only consider the vector indices of µ and ν,
one can easily derive
∂
∂t
(
Ψ+εijk
h¯
2
ΣkΨ
)
+∇l
(
Ψ+cαlεijm
h¯
2
ΣmΨ
)
=
Ψ+c
(
piiαj − pijαi
)
Ψ, (A10)
where εijk is the Levi-Civita symbol. Here the Σ and α
matrices are
Σ =
(
σ 0
0 σ
)
, (A11)
and
α =
(
0 σ
σ 0
)
. (A12)
Since εijmεijn = 2δ
m
n and ε
ijkaibj = (a × b)
k, the
continuity equation of the spin can be derived as
∂
∂t
ρiD +∇jJ
ji
D = T
i
D, (A13)
where ρiD = Ψ
+siDΨ is the spin density of the Dirac
Fermion, JjiD = Ψ
+vjDs
i
DΨ is the spin current originat-
ing from the contribution of the spin angular momentum,
and T iD = Ψ
+ (pi × vD)
i
Ψ is the spin torque originating
from the contribution of the orbit angular momentum.
Here we define the velocity operator as vD = cα, the
spin operator as sD = h¯Σ/2. Eq.(A13) is similar to the
spin continuity equation of the SHE in Dirac-Rashba sys-
tems [29].
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